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Abstract—In this article we derive explicit formulas for the time rate of change of the logarithmic
strains In U and In V, where U and V are the right and left stretch tensors, respectively. Results are
obtained 1n both two and three dimensions for the cases where the principal stretches are repeated
as well as for the case where they are distinct. The formulas are displayed in terms of V, the stretching
tensor D, the rotation R, and the principal stretches. Finally, we consider the corotational and
Juumann dervatives of In 'V, and establish conditions under which these logarithmic strain rates
are equal to the stretching tensor.

1. INTRODUCTION

The logarithmic, or Hencky, strain has been considered to be a useful strain measure in
one dimension, and also in two and three dimensions when the principal axes of strain are
fixed. In these cases the stretching tensor D and the logarithm of the left stretch tensor V
are related through

(In V) = D. (1.1)

The use of logarithmic strain as a strain measure in the general case has been hampered by
the lack of a properly invariant expression relating the time rate of change of the logarithmic
strain to the stretching tensor. Hill[1] derived a relationship between the stretching tensor
and the logarithm of the right stretch tensor U for the case where the principal stretches
are distinct, His result is expressed in terms of the components of (in U) and D taken with
respect to the principal axes of U and V, respectively. More recently, Gurtin and Spear{2]
established necessary and sufficient conditions for the Jaumann derivative of In V to be
equal to D when the number of distinct principal stretches is constant.

In this article we derive explicit formulas for the time rate of change of the logarithmic
strain tensors In U and InV in terms of the stretching tensor. The formulas, which are
displayed in direct notation, are valid not only when the principal stretches are distinct, but
also when they are repeated.

In Section 2 we briefly summarize the kinematical results that will be used in the
remainder of the article, Two theorems that provide expressions for the derivative of a
symmetric tensor valued function of a symmetric tensor are quoted in Section 3, and then
applied to InU in the next two sections. The method for obtaining (In UJ is the same in
both two and three dimensions, but the details of the derivation are different ; the two-
dimensional case is treated in Section 4 and the three-dimensional case in Section 5. In each
case the expression derived for (In U) is displayed in terms of V, D, the principal stretches,
and the rotation R. A simple relation between (In U)" and (In V) is established, and used to
obtain formulas for (In V). Our results are compared with those of Hill[1] at the end of
Section 5. In the last section we consider the corotational and Jaumann derivatives of in V,
and establish that DV = VD is a necessary and sufficient condition for these logarithmic
strain rates to be equal to the stretching tensor. On intervals during which the number of
distinct principal stretches is constant our condition is equivalent to that obtained by Gurtin
and Spear{2].
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1020 A. HOGER
2. PRELIMINARIESYt

Let F denote the deformation gradient at a point of a deforming body. Because
det F > 0, we have the unique polar decompositions

F=RU=VR. @.1)

U and V, the right and left stretch tensors, respectively, are symmetric and positive definite,
and R, the rotation, is proper orthogonal.

The eigenvalues of U (which are also those of V) are the principal stretches. They will
be denoted by 4, i = 1,2 for two dimensions and i = 1,2, 3 for three.} One can choose an
orthonormal basis of eigenvectors for U ; let {e,} constitute such a basis, where e, corresponds
to A,

By the spectral theorem, the right and left stretch tensors admit the representations

U= Z ll,e, ®e, (22)§
=]
and
V=7 15 ®E, 23)

=1

respectively. The eigenvectors of V, &, are related to the eigenvectors of U through

€ = Re,. 2.4
Note that
Ze,@e,=26,®5,=1. (2.5)
1= =1

The tensor logarithm maps positive definite, symmetric tensors into symmetric tensors.
The logarithmic tensors are defined by

mU= i} In e e, (2.6)
and
InV= ‘Zl In Ag ®&,. V)]
In view of (2.4),
In U=R’(In V)R. (2.8)

We assume that F is a continuously differentiable function of time. The velocity
gradient

L =FF"! 2.9

has as its symmetric part the stretching tensor
D =4#L+L") (2.10)

+ A complete treatment of the matenal in this section can be found in [3].
1 In what follows, the dimension of the underlying space is denoted by n, withn = 2 or 3.
§ Throughout the article, no summation is implied unless explicitly indicated.
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and as its skew part the spin tensor

W = 4(L-L7). 2.1y
By combining (2.9) and (2.10), we find that U and D arc related through
2R'DR=UU"'+U"'0. 2.12)

Pre- and post-multiplication of (2.12) by U yields

2F'DF = UU+UU. (2.13)
Substitution of (2.9) into (2.11) implies

W = RR7+1R(UU'-U-"U)R7;

thus, with
Q = RR7, (2.14)
W=Q+D~RU"'UR". (2.15)

Once an expression for (In U) has been derived, the formula for (In V) can easily be
obtained with the aid of the following result. Differentiation of (2.8) yields

(In UY = R7(In V)R+R7(In VYR+R'(In V)R,

so, because £ is skew,

(In V) = R(In UYR"+Q(In V)—(In V)Q. 2.16)

Finally, we recall the definitions of two objective time rates of change. Let A be a
smooth tensor function of time. The corotational derivative of A, denoted by A, is given
by

A=A+AQ-QA.
The Jaumann rate K is defined as

A=A+AwW-_wa.

3. THE DERIVATIVE OF SPECIAL TENSOR VALUED FUNCTIONS OF A TENSOR

Let H be a symmetric tensor valued function of a symmetric tensor. H is said to be
differentiable at X if there exists a linear transformation DH(X) such that

H(X+T) = H(X)+ DHX) [T} +0(T)

as T — 0. DH(X) is the derivative of H at X, and the symmetric tensor T is the increment
on which the derivative is evaluated. If X is a differentiable function of time, then the chain
rule states that

HEX@®O) = DHX) X)) G.n

In order to implement the chain rule we need an expression for DH(X)[T]. The
following two theorems, which were established in [4], provide the required formulas.

Theorem (n = 2). Let X be a symmetric tensor with eigenvalues x,, x, and an associated
orthonormal eigenvector basis {e,,e,}. Given the real valued function h, define the tensor
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valued function H by
H(X) = h(x))e; @ e, +h(x))e; @ e,.

Then, if h is four times continuously differentiable, H is continuously differentiable, and

DH(X)[T] = (;—;IXT [{0ry —x2) [ (e) + A (x2)] = 2[h(x) — A} XTX

+{ =00 = x2) [k (x )+ x 8 (x )+ (0 +x2) [A(x )~ A0} XT+TX)  (3.2)
+{(x1—x) 30 (x )+ X0 (x2)] = 2,1 % [h(x ) —A(x)NT), X, # x,,

DH(X) [T} = h'(x)T, X, =X, EX. 3.3)

Here and in the following theorem a prime denotes ordinary differentiation.

Theorem (n = 3). Let X be a symmetric tensor with eigenvalues x,,x,,xy and an
associated orthonormal eigenvector basis {e,,e,,e3}. Given the real valued function h, define
the tensor valued function H by

H(X) = h(x,)e, ® e, +h(x;)e; @ ex+h(x3)e; Qe;.

Then, if h is seven times continuously differentiable, H is continuously differentiable, and
DH(X)[T] = (#+ F,+ F)X*TX?

—[(x1 +X2)F3 4 (x2+ X3)F, + (x5 4+ x,)F ) X' TX + XTX?)

+ (X100 F 3+ X338, +x3%, F) (X T+ TX)

+ [0+ 22) 2 F 3+ (x4 X3)°F 1 + (x5 4 ) FIXTX (34

+ [ = X120, + X2)F3 — X2x3(x2 + X3)F | — x3%,(x3+ X )F,

+ %, + %9+ G (XT +TX) +[(x1x2) Fs + (x23)°F, + (x3x))° F,

—~ (X1 +X2)%: — (X34 %3)%; — (X3 +x,)%,]T, X, # X2 #F X3 # Xy,

DHOO(T] = — 5 H{(n =0 (x) + K (0]~ 2(x)~ AP XTX
+{—(x,—x) [xk (x,)+ %0 (X)) + (x, + x) [A(x,) — A} (XT+TX) 3.5)
+{(x,—x) [x2h (x)+ x2h (x)]— 2x,x[h(x,) — R(x)]} T), X, # X =X B X,
DH(X)[T] = #'(x)T, X =X3=X3 =X, (3.6)
where

h(x,)
(x,—x) (x,—x¢)’

21(_x -—xk)2 [hl(xi)—(xu ""xj) (gl‘i’gk)—'(x‘ --xk) (g‘_*_g;)l,

g =

F =
(xx - x;)

and i,j, k is a permutation of 1,2, 3 (no summation).
Although the particular formula to be used for the derivative depends on the number
of distinct eigenvalues of X, it was shown in [4] that DH(X) [T} is a continuous function of X.

4, TWO DIMENSIONS
The choices A=1In, X=U and T = U in (3.2) and (3.3) and use of (3.1) yield the
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following expression for the time rate of change of In U in two dimensions:

(R (o ——"—
1—7; Z+Z (A1—242)—2In(4,/43)

-
(24 g.'.)ul_xz)m.m) In (a,/zz)]wmw)
1 2
FERRE .
-+ '1—1-+1— (21‘12)—2}”12 ln(l./}»z) U ) j'l #lb
\ 1

1
2

il
(In Uy =<
1

U, }.]'—_leA.

The reader will recall that A, and 4, are the principal stretches.
In order to write (In U) directly in terms of the stretching tensor, the tensor terms on
the right hand side of these equations must be expressed in terms of D. Equation (2.12),

UU-'+U"'U = 2R7DR,

1023

@.1)

(4.2)

can be solved for U with the aid of formulas obtained in [5, §2]. The result in two dimensions

1
=7 [IIPU-'R"DRU-'-I II(U"'R"DR+R"DRU-")+(I*+I)R'DR], (4.3)

where I and II are the principal invariants of U

I=2,+4,
II=1|12.

The Cayley—Hamilton theorem for U yields

1
U= [-U+I),

so that (4.3) can be expressed as

= % [IIR7DR +F"DF].

Equation (4.3) implies

UOU = % [I'R”DR—1I TI(R”DF -+ F'DR)+ (I + IF'DF].

The remaining term, UU+UU, is given in terms of D by (2.13):

UU+UU = 2F"DF.

Substitution of (4.5)~(4.7) into (4.1) and use of (2.1) gives

(In Uj = R7[®,D+®,(VD+DV)+®,VDVIR, 1, # ,,

A1 —23-4472f In(4,/4,)

et 7 N 1 Y/ I 1 L

0.  —Gi=D+ 204, In(hy/4y)
- A —1,)° ’

O, = 2(}-}—15)"4'1112 In(A,/,)

A +42) (A —4y)?

44)

(4.5)

(4.6)

4.7)

(4.8)

4.9)
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When the principal stretches are equal (4, = 4, = 4), U is isotropic, so that (2.12)
collapses to

U = AR"DR,
and (4.2) can be written as

(In Uy = R'DR, A =4, (4.10)

We have established the following result. In two dimensions (In U) is given in terms of
the stretching tensor D by (4.8) when the principal stretches are distinct and by (4.10) when
the principal stretches coalesce.

A formula for (In V) can now be obtained by use of (2.16). When specialized to two
dimensions (2.3) and (2.7) together with (2.5) imply

V=l|e,®e|+ﬂ.2(l—e1®el) (4.11)
and
an=(ln l,)e,®61+(ln 12)(1—e,®e,), (4.12)
respectively. Suppose that A, 5 4,; then (4.11) gives

V_lzl

e ®e, =71=4’

which can be employed in (4.12) with the result

_ln(jq/lz) j.] In Az"}»z In A.‘
InV= 71, V+ PR 1 (4.13)
Clearly
Q(n V)—(In V)Q = !%S&%@(QV—VQ). 4.149)
1T A2
Suppose that A, = 4,; in this case In V is isotropic so
QInV)-(In V)Q =0. 4.15)

Equations (2.16), (4.8), (4.10), (4.14), and (4.15) may be used to establish that in two
dimensions (In VY is given in terms of the stretching tensor D and = RR7 by

2
®,D+®,(VD+DV)+®,VDV + In 2,/22
(In Vy = (A —43)

D, Li=4, (4.16)

QV-VQ), 1, #4i,

where ®,, ©,, and ©, are defined through (4.9).
Finally, we note that with U~ ! represented by (4.4) and U represented by (4.5), (2.15)
yields

Q=W+ (DV VD). (4.17)

A+,

Thus an expression for (In V) in terms of W rather than £ can be obtained by substitution
of (4.17) into (4.16).
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5. THREE DIMENSIONS

The calculations necessary for the derivation of (In U) in terms of D for the three-
dimensional case are similar to but more cumbersome than those performed for the two-
dimensional case. By choosing # = In, X = Uand T = U in (3.4)-(3.6) and noting (3.1), we
obtain the following formula for the time rate of change of In U in three dimensions:

(1#,+ F,+ FJUUU

= [+ A)F s+ (A2 + 1)F, + (A1 + 1) F,] (UTUU+UULY)
+[A A F s+ A F, + A4 F ] (U0 +0UY

+ (A1 + A F s+ (A + 4 F + (43 + 4,2 F,JUUU

—[A1A A+ A)F s+ s (ha+ ADF + Ash (s + A ) F
~%,~%,~%] (UU+UU)

+[AIAF + A3 F + A F, — (A, + 4,)9,

(In Uy =< =R+ AN — (A3 +2)F)0, A #FA#FA#h,

1 V(f/1
(z a) {[(1 )(,1, ).)—21n(ﬂ.,/i.)]UI'JU

+[ ( )(,1 —D)+A+A) ln(l/}.)](UU-{-UU) (5.2)
+[( )(,1 —2)=224 1n(/1,//1)] } Atk =A=4,

Ly
L 70 hi=l=i =1 (5.3)

5.

where

In 4,

=G ha=iy

(5.4)

1

and i, j, k is a permutation of 1,2, 3 (no summation).

The manipulations that are required to write the tensor terms in each of the above
equations, and hence (In U}, in terms of D rather than U again rest on the solution of eqn
(2.13) [or alternatively eqn (2.12)] for U. Using a solution formula derived in [5, §2] (see
also [6]), we find that in three dimensions

[ = 1 T 2 I RRT T 2
U= = {IUIF DFU’~I(U'FDFU+UF'DFUY)

+(I I1—-11I) (U’FTDF + F"DFU?) + (I* + IHUF'DFU
~PII(UFTDF +FTDFU) + [P + (1 11-111)1111:’1)1?},

where
I = 2.] +12 +13,
II = l;lz‘f‘lg)«.;'?lglb
III = 411;..23.3
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are the principal invariants of U. The expression for U can be written more compactly with
the aid of (2.1) and the Cayley-Hamilton theorem for U,

UV—~I1U+1IU-1I11=0. (5.5)
We obtain

1

U= T R7{V2DV>—I(V?DV + VDV?)+ I+ I)VDV — III(VD+DV) +1 Il D}R.
(5.6)

Substitution of (5.6) into (5.1) followed by repeated application of (5.5) leads to an
expression for (In U) in terms of the stretching tensor which is valid when the three principal
stretches are distinct. The result is

. 1

(n Uy = =
+A4(DV 24+V?D) 5.7
+A,VDV+A4(VDV+VDV?)+A,VDV?R,

RT{A\D+A,(DV+VD)

where the A’s are defined as follows. Recall that #, and %, are given by (5.4), and let
¢ = A’]Ak)
Yi= A+,

with i, /, k a permutation of 1,2, 3. Then

3
Ay = Y TI{[II I+ (Y7 = 20011 + ¢} )F, -y 19},
=]

A= ‘i M-I~ 7 - 20)1 - o} 1F + 4.9},

=1

3
As=Y (I II-IIDII &,
=1
3

Ag= Y {IP+IIP+ (@2 —-2¢,) HI+11)

=1

—2y,01 TI—IID) + (1 + I, (5.8)
+[2(1 LI=IIT) — (2 +11)¥,)9},
3

As= Y {{-1I2+20( U-IID)— (@} -20)I—-o/1|F + Iy %},

A= i {(UII— DI+ 112 = 2¢,(1 11 - I1I)

+ W2 -20)0+@F — ¥4}

Next, we consider the case where exactly two of the three principal stretches have the
same value. Suppose that 4, # 4, = A, = 4; then (2.3) and (2.5) imply

V= (A4+AV—-A44Al (5.9
Substitution of (5.6) and (5.9) into (5.2) yields

(In Uy = R™{®,D+©,(VD+DV)+6,VDV]R, M#F A==, (5.10)



Material time derivative of logarithmic strain 1027

where

A4—A4—4222% In(A/%)

® =—Gma-»
(=AY +24A A/
©,=—- G2 , (5.11)
2002 — 23— 42,4 In (A /)
@3 =

@+H@-

and i,j,k is a permutation of 1,2,3. Note that this is essentially the same expression that
was obtained in two dimensions for two distinct eigenvalues.
When the principal stretches are all equal (4, = 4; = 4; = 4), (2.12) becomes

U = AR"DR,
so that (5.3) is

(In Uy =R'DR, Ay =2, =14, (5.12)

The results established above can be collected together as follows. In three dimensions,
(In U) is given in terms of the stretching tensor D by (5.7) when the principal stretches are
all distinct, by (5.10) when exactly two principal stretches have the same value, and by (5.12)
when all of the principal stretches coalesce.

We now turn our attention to In V. When specialized to three dimensions, (2.3), (2.5)
and (2.7) can be used to calculate that

“P,(QVZ—VZQ)-F‘PZ(QV—VQ), Ai#E A #EA#4,

QInV)—(InV)Q = V,(QV-VQ), 4 #i=4=4, (5.13)
10, ;"l = 2'2 = A’Js
where
¥ = Ay In(Ay/A3)+ 24, In(A5/4)+4; In(4,/1,)
' (A=22)(A;—43)(A3—4) ’
At In(As/A2)+ A3 In(A1/A3)+43 In(4,/4,)
¥, = 5.14
? (G1=22) A= 13) (A3 = 4,) ’ 19
¥, = In 4,/A

A=A

The method used to find (5.13) parallels that used to obtain (4.14) and (4.15) in two
dimensions. Equations (2.16), (5.7), (5.10), (5.12) and (5.13) imply that in three dimensions,
(In V) is given in terms of the stretching tensor D and Q2 = RR” by

4 1 )
aTi—Tm) (WP +AADV+VD)+ADV +V°D)

+A VDV +A(VIDV+VDV?)+AVDV?}

(n V) = < (5.15)
+¥ (V- V) + ¥ (QV-VQ), i, # A, #4; #4,,

©,D+0,(DV+VD)+0,VDV+¥,(QV-VQ), 4 # i =4,

\D, Al=).2=13,

where the A’s, ©’s and ¥’s are defined through (5.8), (5.11) and (5.14), respectively, and
i,j, k is a permutation of 1,2, 3.
Finally, we note that eqns (5.5) and (5.6) can be used to compute U~'U in three
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dimensions ; when the result is incorporated into (2.15), we find

1
Q=W+ T II—10 [IA(DV-VD)+1(V’D~-DV)+(VDV:-VDV)]. (5.16)t

Substitution of (5.16) into (5.15) results in a formula for (in V) in terms of W rather than Q.

In order to compare our results with those of Hill[1], the components of (5.7), (5.10)
and (5.12) are displayed in matrix form below. The stretch tensors U and V are related
through

U =R'VR,

so that the way in which the rotation R appears in the expressions for (In U) allows us to
write

I~ 244, In(4,/A 24,43 In(4,/4 7]
D, I ;f—(lgl/ z)Dl2 i ;f—(ﬁ]/ 3) D,
[n U),) =/ o D, ks Inafds) 1y 5.17)
As—2A3
Le ] Dj, _
ford, # Ay # A3 # 4,
b 2mAIn(/2) 24,4 In(4,/4)
11 A%—lz 12 l%—lz 13
[(n U)]l =| o D, D,;, (5.18)
° ° D,
foril #* }*2 = A; E/l, and
[(n U);] =[D,), (5.19)

for A, = 4, = 4;, where the components of (In U) are taken with respect to an eigenvector
basis for U, and the components of D are with respect to the corresponding eigenvector
basis for V [see (2.4)]. The matrix representationsof (In U for A, = 1, # 4;and A, = 4, # 4,
are obvious variants of (5.18). Hill obtained (5.17) in [1], but did not rigorously treat the
cases where the principal stretches are repeated.

6. FURTHER RESULTS

The logarithmic strain has been most successfully applied in contexts in which the
principal axes of strain are fixed ; there eqn (1.1) holds. However, as we have seen above,
the formulas relating D and In V in the general case are much more complex. Here we
establish a condition under which the stretching tensor and the logarithmic strain are simply
related. Only the three-dimensional case is considered, but an analogous condition holds
in two dimensions.

Our result will be stated in terms of the corotational and the Jaumann rates of In V.
The corotational derivative,

(In VY = (In VY +(In V)Q-Q(n V),

t+ Although tangential to the topic of this paper, 1t 1s of interest that an expression for R in three dimensions
can easily be obtained by substitution of (5.16) into R = QR [see (2.14)).
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may be combined with (2.16) to obtain
(In ¥)° = R(ln UYR". 6.1
The Jaumann derivative,
(InV)* = (InV)+(In V)W-W(n V),
when written in terms of the corotational derivative becomes
(In V)* = (In V)°+(In V)(W—-Q)—(W—-Q)(In V). 6.2)
Recall that W -2 in three dimensions is given by (5.16). Thus, by substituting (6.1), (2.7)
and (5.16), and the formulas for (In U} derived in Section 5 into eqn (6.2), we can express
(In V)* in terms of the distinct principal stretches, V, and D.
In [2] Gurtin and Spear addressed the question of whether or not a simple relation

between In V and D exists for general deformations. They showed that on time intervals of
nonzero length during which the number of principal stretches is constant

D=(nV)’=(nV)*
if and only if

QU =UQ, (6.3)

Here the twirl tensor , is defined through
Qe =¢, 64

where the e, i = 1,2, 3, are the eigenvectors of U.t By continuity, if the principal stretches
are distinct at a particular time, then they are distinct in an open interval containing that
time, but the intervals on which the principal values are repeated may be of zero duration
(i.e. single points in time).

As our last result we prove that the condition

DV=VD (6.5)
is necessary and sufficient for
D= (In V)° = (In V)*. (6.6)
First, note that (6.5) is equivalent to
UU = UL. 6.7

To see this observe that premultiplication of (2.12) by U gives
2R7VDR = UUU" '+,
and post-multiplication gives

2R"DVR = U+U~'OU.

+ The restriction to intervals of nonzero length is necessary because (6.4) does not make sense at instants
when the number of uniquely defined cigenvectors changes {see [2]).
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When (6.5) is satisfied, the difference of these equations yields
U = UU?,
which is equivalent to (6.7).1 Conversely, if (6.7) holds then (2.12) becomes
R'DR=UU"'=U"'U
so that
U =R"DRU = R'DVR

and
U =UR'DR = R’VDR.

Together these expressions for U imply (6.5).

Suppose that A, # 4, # 4; # A,. As was previously observed, every time interval on
which all three of the principal stretches are distinct will have a nonzero length, so we may
apply the result of Gurtin and Spear provided that (6.7) is equivalent to (6.3) on such an
interval. We now establish that this is indeed the case. Differentiation of (2.2) yields

3
U= Z (e ®e+ié,®@e+ie®¢e),
j=
which, with the aid of (6.4), becomes

3
U = Z (l,e,@e,+1,ﬂ,e,®e,+l,e,®ﬂ,e,). (68)

=]

Since £, is skew

e®@0e =—(e;Qe),
(no summation), so that

3 3
Y iQe®e+ ) Le,® Ne =QU-UQ, 6.9)
=1 i=1
With (6.9), (6.8) can be written as

3
U=3 ile®e+QU-UQ, (6.10)

=]

If (6.3) holds, then by (6.10) the eigenvectors of U are also those of U which implies (6.7).
Conversely, substitution of (6.10) into (6.7) gives

QU=1U%,

which is equivalent to (6.3). This concludes the proof that (6.5) is necessary and sufficient
for (6.6) when the principal stretches are distinct.

Suppose that 4; # 4, = A, = 4, with i,j, k a permutation of 1,2, 3. That (6.6) is valid if
and only if (6.5) holds will be shown directly by use of the formula derived in Section 5.
When exactly two principal stretches are equal, the appropriate expression for (In U)" is
(5.10):

R(ln U).RT = ®1D+®2(VD+DV)+®3VDV,

t This follows from the fact that the characteristic spaces of U2 and U coincide (see, e.g. [3), p. 12)
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where ©,, ©, and @, are defined through (5.11). If (6.5) holds, then (5.9) can be used to
rewrite (5.10) as

R(n UYR" = [0, - 1,40 ,]D+[20,+(4,+1)®,]VD. (6.11)
A straightforward calculation shows that

2@2 = —(l;+)~)®3

0, =140,+1, (.12
50 that (6.11) is just
R(ln UYR" =D. (6.13)
By substituting (6.13) and (6.5) into (6.1), (6.2), and (5.16), we obtain (6.6).
In order to show that (6.6) implies (6.5) we use (6.1) and (5.10) to write
D=(nV)y
as
D = ©,D+0,VYD+DV)+06,VDV. (6.14)

By expressing (6.14) in components with respect to an eigenvector basis for V, we find that
the following conditions must be satisfied :

1-0,-210,-4}0,=0 or D;=0, (6.15)
1'—01—2192—}-293=0 or D1[=Dkk=Djk=09 (616)
1—®|—(;»,+l)®2"‘111®3=0 or D0=D,k=0. (6]7)

Substitution of (6.12) into (6.15), and (6.16), establishes that these two equations are
identically satisfied, so that (6.14) imposes no restrictions on either the diagonal terms of
D or D,. For ease in notation let

n = Afi;
A; # 4 by assumption, so that n # 1. In view of (6.12) and (5.11), condition (6.17), can be
rewritten as
n’~1
Inn-~ 2

=0. (6.18)

As the left-hand side of (6.18) is a monotonically increasing function of 1, and the equation
is satisfied by n = 1, (6.18) cannot hold for any n # 1. Therefore, (6.17), cannot be satisfied,
so that (6.14) requires (6.17), to hold, which in turn implies that D and V commute. Thus
the first equation of (6.6) implies (6.5).

It remains to consider the case where A, = 4; = 1,. Here V is isotropic and therefore
commutes with all tensors ; in particular (6.5) holds. Also, (In U) is given by (5.12), so that
(6.6) follows immediately from (6.1), (6.2) and (5.16). This concludes the proof.
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